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We present a simple way to obtain all graphs with a given disconnection number if we
know all the graphs with smaller disconnection number. Using this method we answer
a question of Sam B. Nadler, i.e. we prove that there exist precisely 26 continua with
disconnection number four. Some known results concerning disconnection number are also
obtained as simple corollaries. Further we give some estimates on the number of distinct
continua with a ﬁxed disconnection number which concerns a problem of Sam B. Nadler.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A continuum means a non-empty compact connected metric space. For simplicity all continua are supposed to be non-
degenerate. Order of a point x of a continuum X is the smallest cardinal number κ such that there exists a local base of
the point x in X such that each element of this base has a boundary of cardinality at most κ . This cardinal number is
denoted by ord(x, X). A point of order one is called endpoint. A simple closed curve is any space homeomorphic to the unit
circle. An arc is any space which is homeomorphic to the closed interval [0,1]. A continuum X is called graph if there
exist ﬁnitely many arcs in X which cover X and any two of these distinct arcs intersect at most in their sets of endpoints.
A tree is any graph which does not contain a simple closed curve. Disconnection number of a continuum X means the least
cardinal number nω such that X \N is disconnected whenever cardinality of N equals n. It is denoted by D(X) if it exists.
Note that we use slightly different notation than in [1, p. 148]. It follows that D(X) 2 if it exists (see Proposition 9.15 of
[1, p. 148]).
We recall a characterization of graphs from [1, p. 152].
Theorem 1. The following are equivalent for a continuum X :
• X is a graph,
• D(X)ω,
• D(X) < ω.
Let dn denotes the number of topologically different graphs with disconnection number n  2. It is well known that a
simple closed curve is the only continuum with disconnection number two, thus d2 = 1. In [2] it is shown that d3 = 5. In
the same paper it is mentioned that d4  26 and that the equality here is expected. We conﬁrm this hypothesis by proving
more general result. In Problem 8.3 of [2] it is asked whether there is a formula which can be used to calculate dn and that
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less interesting exponential estimates.
2. Main result
For any spaces X , Y , a subset E of X and continuous mapping f : E → Y we deﬁne adjunction X ⊕ f Y as a quotient of
the disjoint union of the spaces X and Y with respect to the smallest equivalence generated by f , where the function f
is identiﬁed with the set {(x, f (x)): x ∈ E}. Let us denote by A an arc and by 0, 1 its endpoints. The letter C denotes a
simple closed curve and c is an arbitrary point in C . By B we mean any space homeomorphic to C ⊕{(0,1)} A, i.e. a space
homeomorphic to the symbol ‘9’.
Theorem2. Let X be a continuumwith D(X) = n which is neither an arc nor a simple closed curve. Then there exists a subcontinuum Y
of X with D(Y ) = n − 1, and two distinct non-endpoints x, y of Y for which one of the following possibilities holds:
1. X ∼= Y ⊕{(x,0)} A,
2. X ∼= Y ⊕{(x,0),(y,1)} A,
3. X ∼= Y ⊕{(x,0)} B,
4. X ∼= Y ⊕{(x,c)} C.
Proof. Denote by F the set of all points in X of order at least three. This is ﬁnite since X is a graph (by Theorem 1) and
non-empty because X is neither an arc nor a simple closed curve (see Proposition 9.5 from [1, p. 142]). Suppose ﬁrst that
there exists an endpoint y in X . Clearly y /∈ F . We can ﬁnd an arc A with endpoints y and x where A ∩ F = {x}. We let
Y = X \ (A \ {x}) so that the ﬁrst possibility occurred.
Otherwise suppose that X contains no endpoints. Especially X is not a tree and thus there exists a simple closed curve C
in X . We distinguish the following possibilities.
• If |C ∩ F | 2 then there is an arc A in C with endpoints x and y such that A∩ F = {x, y}. And we let Y = X \ (A \{x, y}).
Thus the second possibility arises.
• If |C ∩ F | = 1 then there is a point x ∈ C ∩ F . In case of ord(x, X) 4 we let Y = X \ (C \ {x}) which satisﬁes the fourth
option. Otherwise ord(x, X) = 3. Since there are no endpoints in X it follows that there is at least one more point in F
distinct from x. We choose A to be an arc with endpoints x and y where y is taken to satisfy A ∩ F = {x, y}. It suﬃces
to let B = A ∪ C .
• The case C ∩ F = ∅ cannot occur since X is not a simple closed curve.
It remains to show that D(Y ) = n − 1 in each of the four cases. We prove this only in the ﬁrst case since the others are
similar. For simplicity suppose that X = Y ⊕{(x,0)} A. Consider a set M ⊆ Y with n−1 elements and suppose for contradiction
that Y \ M is connected. If x /∈ M then the set X \ (M ∪ {1}) is connected which is a contradiction with D(X) = n. Otherwise
if x ∈ M then there is a simple closed curve C ⊆ Y which intersects M precisely in x. Choose any x′ ∈ C which is of order
two and let M ′ = (M \ {x}) ∪ {x′}. Then we have that X \ M ′ is connected and so is X \ (M ′ ∪ {1}) which contradicts the
equality D(X) = n. Thus we get that D(Y ) n − 1.
Now, it remains to ﬁnd a set K ⊆ Y with n − 2 points such that Y \ K is connected. Let N be a subset of X with n − 1
elements for which X \ N is connected. We easily obtain that 1 ∈ N . It follows that N ∩ A = {1}. Then K = N \ {1} is the
desired set. 
Remark 3. Theorem 2 will be applied for inductive construction of arbitrary graph X with disconnection number n + 1
from some graph Y with disconnection number n by one of the four described operations, with the exception of an arc
and a simple closed curve only. It follows by induction from Theorem 2 that a graph with disconnection number n can be
obtained as a quotient of a sum of (3n − 5) arcs, where only some endpoints of these arcs are identiﬁed.
3. Consequences
The following classical result is easily derived (see Theorem 9.31 in [1, p. 156]).
Corollary 4. A continuum X is a simple closed curve just when D(X) = 2.
Proof. Direct implication is obvious. For the opposite suppose that X is a continuum which is not a simple closed curve
and such that D(X) = 2. Clearly X is not an arc, so that we can use Theorem 2 to obtain a subcontinuum Y of X for which
D(Y ) = D(X) − 1 = 1. This is a contradiction. 
The next result can be found in [1, p. 157] with a selfcontained proof.
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dumbbell.
Proof. A continuum with disconnection number three which is not an arc is by Theorem 2 obtained from a simple closed
curve by one of the four possible constructions. 
Corollary 6. There exist exactly 26 continua with disconnection number four.
Proof. Using Theorem 2 and the description of graphs with disconnection number three from Corollary 5, which are pic-
tured in the ﬁrst column, we get the following list of continua a,b, c, . . . , x, y, z. 
Denote by bn the number of equivalences on a ﬁxed set with n elements for n  0. These numbers bn are called Bell’s
numbers and it is easy to see that there is an upper bound bn  nn .
Proposition 7. For every n 2 we have that 2n−4  dn  b6n−10 .
Proof. For n = 2 the lower bound is clearly true. When n  3 consider a subset M of an arc A consisting of n − 3 non-
endpoints of A. For any subset S ⊆ M we obtain a space from the arc A with simple closed curves glued to all points from S
and a space homeomorphic to the number nine glued to all points from M \ S via its endpoint. In this way we obtain at
least 2n−4 non-homeomorphic graphs with disconnection number n.
The upper bound is a consequence of Remark 3 since every graph with disconnection number n is a quotient of (3n−5)×
A where only some endpoints of arcs are identiﬁed. Thus there are at most b6n−10 graphs with disconnection number n. 
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